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Appendix C Additional Derivations for the One-Sector Model

In this section, we derive the first and second-order approximations of equations (2)-(7) for the one-
sector model.

C.1 First-Order Derivatives

First-order approximation to value function
Let vnt+1 =

(
U(wnt+1, Pnt+1) + ν ln

[
∑N

i=1 exp(βvit+2 − mnit+1)
1/ν

])
≡ Fn(wnt+1, Pnt+1, vt+2). Then, a

first-order approximation of Etv̂nt+1 is:

Etv̂nt+1 ≈ ∂Fn

∂ ln(w̄nt+1)
Etŵnt+1 +

∂Fn

∂ ln(P̄nt+1)
EtP̂nt+1 +

N

∑
i=1

∂Fn

∂v̄it+2
Etv̂it+2

=
∂U(w̄nt+1, P̄nt+1)

∂ ln(w̄nt+1)
Etŵnt+1 +

∂U(w̄nt+1, P̄nt+1)

∂ ln(P̄nt+1)
EtP̂nt+1 + β

N

∑
i=1

µ̄nit+1Etv̂it+2. (C.1)
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First-order approximation to mobility flows

Let ln µnit = ln
(

exp(βvit+1−mnit)
1/ν

∑N
h=1 exp(βvht+1−mnht)

1/ν

)
≡ Gni(vt+1). Then, a first-order approximation of Etµ̂nit is:

Etµ̂nit ≈
N

∑
m=1

∂Gni

∂v̄mt+1
Etv̂mt+1

=
β

ν

N

∑
m=1

(
1(m = i)− µ̄nmt

)
Etv̂mt+1. (C.2)

First-order approximation to law of motion of labor
Let ln lnt+1 = ln ∑N

i=1 µintlit ≡ J(µnt+1, lt) where µnt = [µ1nt, ..., µNnt]
′. Then, a first-order approxima-

tion of Et l̂nt+1 is:

Et l̂nt+1 ≈
N

∑
i=1

( ∂J
∂ ln(µ̄int)

Etµ̂int +
∂J

∂ ln(l̄it)
Et l̂it

)
=

N

∑
i=1

µ̄int l̄it
l̄nt+1

(
Etµ̂int + Et l̂it

)
. (C.3)

First-order approximation to trade shares

Let ln λnit = ln
[
zit

(
witκnit

Pnt

)−θ]
≡ K(wit, κnit, Pnt, zit). Then, a first-order approximation of Etλ̂nit is:

Etλ̂nit =
( ∂K

∂ ln(w̄it)
Etŵit +

∂K
∂ ln(κ̄nit)

Etκ̂int +
∂K

∂ ln(P̄nt)
EtP̂nt +

∂K
∂ ln(z̄it)

ẑit

)
= −θ(Etŵit + Etκ̂nit − EtP̂nt) + ẑit. (C.4)

First-order approximation to price index

Let ln Pnt = ln
(

∑i=1 zit(witκnit)
−θ

)− 1
θ ≡ Ln(wt, κnt, zt) where κnt = [κn1t, ..., κnNt]

′. Then, a

first-order approximation of EtP̂nt is:

EtP̂nt ≈
N

∑
i=1

( ∂Ln

∂ ln(w̄it)
Etŵit +

∂Ln

∂ ln(κ̄nit)
Etκ̂nit +

∂Ln

∂ ln(z̄it)
ẑit

)
=

N

∑
i=1

λ̄nit

(
Etŵit + Etκ̂nit −

1
θ

ẑit

)
. (C.5)

First-order approximation to labor market clearing
Let ln

(
wntlnt

)
= ln

(
∑N

i=1 λintwitlit
)

≡ Mn(λnt, wt, lt) where λnt = [λ1nt, ..., λNnt]
′. Then, a first-

order approximation of Etŵit is:

Etŵnt + Et l̂nt ≈
N

∑
i=1

( ∂Mn

∂ ln(λ̄nit)
λ̂int +

∂Mn

∂ ln(w̄it)
Etŵit +

∂Mn

∂ ln(l̄it)
Et l̂it

)
=

N

∑
i=1

λ̄intw̄it l̄it
w̄nt l̄nt

(
Etλ̂int + Etŵit + Et l̂it

)
. (C.6)
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C.2 Second-Order Derivatives

Second-order approximation to value function
Let vnt+1 =

(
U(wnt+1, Pnt+1) + ν ln

[
∑N

i=1 exp(βvit+2 − mnit+1)
1/ν

])
≡ Fn(wnt+1, Pnt+1, vt+2). Then, a

second-order approximation of Etv̂nt+1 is given by

Etv̂nt+1 ≈ ∂Fn

∂ ln(w̄nt+1)
Etŵnt+1 +

∂Fn

∂ ln(P̄nt+1)
EtP̂nt+1 +

∂2Fn

∂ ln(w̄nt+1)∂ ln(P̄nt+1)
Etŵnt+1P̂nt+1

+
1
2

∂2Fn

∂ ln(w̄nt+1)2 Etŵ2
nt+1 +

1
2

∂2Fn

∂ ln(P̄nt+1)2 EtP̂2
nt+1

+
N

∑
m=1

∂Fn

∂v̄mt+2
Etv̂mt+2 +

1
2

N

∑
o,h

∂2Fn

∂v̄ot+2∂v̄ht+2
Etv̂ot+2v̂ht+2. (C.7)

where

∂Fn

∂ ln(w̄nt+1)
=

∂U(w̄nt+1, P̄nt+1)

∂ ln(w̄nt+1)
,

∂Fn

∂ ln(P̄nt+1)
=

∂U(w̄nt+1, P̄nt+1)

∂ ln(P̄nt+1)
,

∂2Fn

∂ ln(w̄nt+1)2 =
∂2U(w̄nt+1, P̄nt+1)

∂ ln(w̄nt+1)2 ,
∂2Fn

∂ ln(P̄nt+1)2 =
∂2U(w̄nt+1, P̄nt+1)

∂ ln(P̄nt+1)2 ,

∂2Fn

∂ ln(w̄nt+1)∂ ln(P̄nt+1)
=

∂2U(w̄nt+1, P̄nt+1)

∂ ln(w̄nt+1)∂ ln(P̄nt+1)
,

∂Fn

∂v̄mt+2
= βµ̄nmt+1, and

∂2Fi

∂v̄ot+2∂v̄ht+2
= β

∂µ̄not+1

∂v̄ht+2
=

β2

ν
µ̄not+1

(
1(o = h)− µ̄not+1

)
.

Second-order approximation to mobility flows

Let ln µnit = ln exp(βvit+1−mnit)
1/ν

∑N
h=1 exp(βvht+1−mnht)

1/ν ≡ Gni(vt+1). A second-order approximation of Etµ̂nit is:

Etµ̂nit ≈
N

∑
m=1

∂Gni

∂v̄mt+1
Etv̂mt+1 +

1
2

N

∑
m,o

∂2Gni

∂v̄mt+1∂v̄ot+1
Etv̂mt+1v̂ot+1, (C.8)

where

∂Gni

∂v̄mt+1
=

β

ν

(
1(m = i)− µ̄nmt

)
∂2Gni

∂v̄mt+1∂v̄ot+1
=

β

ν

(
1(m = i)

∂µ̄nit

∂v̄ot+1
− µ̄nmt

∂µ̄nit

∂v̄ot+1
− µ̄nit

∂µ̄nmt

∂v̄ot+1

)
=

(
β

ν

)2 [
1(m = i)µ̄nit(1(o = i)− µ̄not)− µ̄nmtµ̄nit[1(o = i)− µ̄not + 1(o = m)− µ̄not]

]
.

Second-order approximation to law of motion of labor
Let ln lnt+1 = ln ∑N

i=1 µint(vnt+1)lit ≡ Jn(vt+1, lt). For notational ease, let ψ̄int+1 = µ̄int l̄it
l̄nt+1

. Then, a

second-order approximation of Et l̂nt+1 is:

Et l̂nt+1 ≈
N

∑
m=1

∂Jn

∂v̄mt+1
v̂mt+1 +

N

∑
k=1

∂Jn

∂ ln(l̄mt)
Et l̂mt +

1
2

N

∑
m,o

∂2 Jn

∂v̄mt+1∂v̄ot+1
Etv̂mt+1v̂ot+1

+
1
2

N

∑
m,o

∂2 Jn

∂ ln(l̄mt)∂ ln(l̄ot)
Et l̂mt l̂ot +

N

∑
m,o

∂2 Jn

∂v̄mt+1∂ ln(l̄ot)
Etv̂mt+1 l̂ot, (C.9)
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where

∂Jn

∂v̄mt+1
=

β

ν

N

∑
i=1

ψ̄int+1

(
1(m = n)− µ̄imt

)
∂Jn

∂ ln(l̄mt)
=

µ̄mnt l̄mt

l̄nt+1
≡ ψ̄mnt+1

∂2 Jn

∂ ln(l̄mt)∂ ln(l̄ot)
= 1(m = o)ψ̄ont+1 − ψ̄mnt+1ψ̄ont+1

∂2 Jn

∂v̄mt+1∂v̄ot+1
=

∂2 Jn

∂v̄ot+1∂v̄mt+1
=

∂ ∂Jn
∂v̄mt+1

∂v̄ot+1
=

∂

β
ν ∑N

i=1 l̄itµ̄int

(
1(m=n)−µ̄imt

)
l̄nt+1

∂v̄ot+1

=

(
β

ν

)2 [
−

N

∑
i=1

µ̄imtψ̄int+1[1(o = n) + 1(o = m)− 2µ̄iot]

+ 1(k = n)∑
i

ψ̄int+1(1(o = n)− µ̄iot)

−
[ N

∑
i=1

ψ̄int+1
(
1(m = n)− µ̄imt

)][ N

∑
i=1

ψ̄int+1
(
1(o = n)− µ̄iot

)]]
∂2 Jn

∂v̄mt+1∂ ln(l̄ot)
=

β

ν
ψ̄ont+1

(
1(m = n)− µ̄omt

)
− β

ν
ψ̄ont+1

[ N

∑
i=1

ψ̄int+1
(
1(m = n)− µ̄imt

)]
.

Second-order approximation to trade share
First order approximation for trade share λ is exact. Therefore,

Etλ̂nit =
( ∂K

∂ ln(w̄it)
Etŵit+1 +

∂K
∂ ln(κ̄int)

Etκ̂int +
∂K

∂ ln(P̄nt)
EtP̂nt +

∂K
∂ ln(z̄nt)

Et ẑnt

)
= −θ(Etŵit + Etκ̂int − EtP̂nt) + Et ẑit. (C.10)

Second-order approximation to price index

Let ln Pnt = ln
(

∑i=1(witκnit)
−θzit

)− 1
θ ≡ Ln(wt, κnt, zt). Then, a second-order approximation of

EtP̂nt is:

EtP̂nt ≈
N

∑
i=1

∂Ln

∂ ln(w̄it)
Etŵit +

N

∑
i=1

∂Ln

∂ ln(κ̄nit)
Etκ̂nit +

N

∑
i=1

∂Ln

∂ ln(z̄it)
Et ẑit

+
N

∑
i,m

1
2

∂2Ln

∂ ln(w̄it)∂ ln(w̄mt)
Etŵitŵmt +

N

∑
i,m

1
2

∂2Ln

∂ ln(κ̄nit)∂ ln(κ̄nmt)
Etκ̂nitκ̂nmt +

N

∑
i,m

1
2

∂2Ln

∂ ln(z̄it)∂ ln(z̄mt)
Et ẑit ẑmt

+
N

∑
i,m

∂2Ln

∂ ln(w̄it)∂ ln(κ̄nmt)
Etŵitκ̂nmt +

N

∑
i,m

∂2Ln

∂ ln(w̄it)∂ ln(z̄mt)
Etŵit ẑmt +

N

∑
i,m

∂2Ln

∂ ln(κ̄nit)∂ ln(z̄mt)
Etκ̂nit ẑmt,

(C.11)
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where

∂Ln

∂ ln(w̄it)
= λ̄nit,

∂Ln

∂ ln(κ̄nit)
= λ̄nit,

∂Ln

∂ ln(z̄nt)
= −1

θ
λ̄nit,

∂2Ln

∂ ln(w̄it)∂ ln(w̄mt)
= 1(i = m)(−θ)λ̄nit + θλ̄nitλ̄nmt,

∂2Ln

∂ ln(κ̄nit)∂ ln(κ̄nmt)
= 1(i = m)(−θ)λ̄nit + θλ̄nitλ̄nmt,

∂2Ln

∂ ln(z̄it)∂ ln(z̄mt)
= −1

θ
1(i = m)λ̄nmt +

(1
θ

)
λ̄nitλ̄nmt,

∂2Ln

∂ ln(w̄it)∂ ln(κ̄nmt)
= 1(i = m)(−θ)λ̄nit + θλ̄nitλ̄nmt,

∂2Ln

∂ ln(w̄it)∂ ln(z̄mt)
= 1(m = i)λ̄nmt − λ̄nitλ̄nmt, and

∂2Ln

∂ ln(κ̄nit)∂ ln(z̄mt)
= 1(m = i)λ̄nmt − λ̄nitλ̄nmt.

Second-order approximation to labor market clearing
Let ln

(
wntlnt

)
= ln

(
∑N

i=1 λintwitlit
)

≡ Mn(λnt, wt, lt). Then, a second-order approximation of

Etŵnt + Et l̂nt is:

Etŵnt + Et l̂nt ≈
N

∑
i=1

∂Mn

∂ ln(λ̄int)
Etλ̂int +

N

∑
i=1

∂Mn

∂ ln(w̄it)
Etŵit +

N

∑
i=1

∂Mn

∂ ln(l̄it)
Et l̂it

+
N

∑
i,m

1
2

∂2Mn

∂ ln(w̄it)∂ ln(w̄mt)
Etŵitŵmt +

N

∑
i,m

1
2

∂2Mn

∂ ln(λ̄int)∂ ln(λ̄mnt)
Etλ̂intλ̂mnt

+
N

∑
i,m

1
2

∂2Mn

∂ ln(l̄it)∂ ln(l̄mt)
Et l̂it l̂mt

+
N

∑
i,m

∂2Mn

∂ ln(λ̄int)∂ ln(w̄mt)
Etλ̂intŵmt +

N

∑
i,m

∂2Mn

∂ ln(λ̄int)∂ ln(l̄mt)
Etλ̂int l̂mt

+
N

∑
i,m

∂2Mn

∂ ln(w̄it)∂ ln(l̄mt)
Etŵit l̂mt, (C.12)
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where

∂Mn

∂ ln(λ̄int)
=

∂Mn

∂ ln(w̄it)
=

∂Mn

∂ ln(l̄it)
=

λ̄intw̄it l̄it
w̄nt l̄nt

,

∂2Mn

∂ ln(w̄it)∂ ln(w̄mt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
,

∂2Mn

∂ ln(λ̄int)∂ ln(λ̄mnt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
,

∂2Mn

∂ ln(l̄it)∂ ln(l̄mt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
,

∂2Mn

∂ ln(λ̄int)∂ ln(w̄mt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
,

∂2Mn

∂ ln(λ̄int)∂ ln(l̄mt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
, and

∂2Mn

∂ ln(w̄it)∂ ln(l̄mt)
= 1(m = i)

λ̄intw̄it l̄it
(w̄nt l̄nt)

− λ̄intw̄it l̄itλ̄mntw̄mt l̄mt

(w̄nt l̄nt)2
.

Appendix D The Multi-Sector Model with Intermediate Inputs

In this section, we derive the equilibrium conditions for the multi-sector model with intermediate in-
puts used in the quantitative applications, and the corresponding first- and second-order derivatives.
Throughout the section, we denote by N the number of locations, indexed by {n, i, m, o, h}, and by J
the number of sectors, indexed by {j, k, s}.

D.1 Definition of Equilibrium

After taking an expectation over the idiosyncratic shock, the value of a location-sector nj is:

vnj
t (zt) = U

(
wnj

t (zt)/Pn
t (z

t)
)
+ ν ln

[
N

∑
i=1

J

∑
k=1

exp
(

βE[vik
t+1(z

t+1)|zt]− mnj,ik
)1/ν

]
(D.1)

where Pn
t is the ideal price index in region n in period t as defined below. The fraction of households

that relocate from market nj to ik is given by

µ
nj,ik
t (zt) =

exp
(

βE[vik
t+1(z

t+1)|zt]− mnj,ik
t

)1/ν

∑N
m=1 ∑J

h=1 exp
(

βE[vmh
t+1(zt+1)|zt]− mnj,mh

t

)1/ν
(D.2)

The mass of labor in region-sector nj in time t + 1, lnj
t+1 evolves according to

lnj
t+1(z

t) =
N

∑
i=1

J

∑
k=1

µ
ik,nj
t (zt)lik

t (z
t−1) (D.3)

Expenditure share in region nj on goods j from region i at time t is given by

λ
nj,ij
t (zt) =

( (wij
t (z

t))γij
(Pij

t (z
t))1−γij

κ
nj,ij
t

Pnj
t (zt)

)−θ j

zij
t (D.4)
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where γij is the share of value added in gross output.
The price of the sectoral aggregate good j in region n at time t is

Pnj
t (zt) =

[ N

∑
i=1

(
(wij

t (z
t))γij

(Pij
t (z

t))1−γij
κ

nj,ij
t

)−θ j

zij
t

]−1/θ j

. (D.5)

The ideal price index in region n at time t, Pn
t , is defined as

Pn
t ≡

J

∏
k=1

(Pnk
t /αnk)αnk

, (D.6)

where αnk is the final expenditure share in sector k and region n with ∑k αnk = 1.
Goods market clearing condition implies the total expenditure on sector j in location n at time t, Xnj

t ,
should satisfy

Xij
t (z

t) = (1 − γij)
N

∑
n=1

λ
nj,ij
t (zt)Xnj

t (zt) + αij ∑
k

wik
t (z

t)lik
t (z

t). (D.7)

Finally, labor market clearing is given by

wij
t (z

t)lij
t (z

t) = γij
N

∑
n=1

λ
nj,ij
t (zt)Xnj

t (zt) (D.8)

We now define the stochastic sequential equilibrium of the economy with multi-sector.

Definition 1. A stochastic sequential equilibrium is a set of state-contingent prices
{

wnj
t (zt), Pnj

t (zt)
}N,J,T

n=1,j=1,t=1
,

allocations of goods and labor
{

λ
nj,ij
t (zt), µ

nj,ik
t (zt), lnj

t (zt−1)
}N,N,J,J,T

n=1,i=1,j=1,k=1,t=1
, and the value of locations{

vnt(zt)
}N,T

n=1,t=1 that satisfies the equilibrium conditions determined by the location value function (D.1),
the gross flows equation (D.2), the law of motion of labor (D.3), the bilateral trade shares (D.4), the local
prices ((D.5) and (D.6)), the total expenditures (D.7), and the labor market clearing condition (D.8), and are
consistent with beliefs f (zt+1|zt).

D.2 Definition of Equilibrium under Heterogeneous Beliefs

Now consider two types of agents, type A and type B, which differ in belief in future productivity.
The value of location is type specific. For each g ∈ {A, B},

vnj,g
t (zt) = U

(
wnj

t (zt)/Pn
t (z

t)
)
+ ν ln

[
N

∑
i=1

J

∑
k=1

exp
(

βEg[vik,g
t+1(z

t+1)|zt]− mnj,ik
)1/ν

]
(D.9)

The migration share for each type g is:

µ
nj,ik,g
t (zt) =

exp
(

βEg[vik,g
t+1(z

t+1)|zt]− mnj,ik
t

)1/ν

∑N
m=1 ∑J

h=1 exp
(

βEg[vmh,g
t+1 (zt+1)|zt]− mnj,mh

t

)1/ν
(D.10)
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The labor allocation in region n sector j evolves according to

lnj,g
t+1(z

t) =
N

∑
i=1

J

∑
k=1

µ
ik,nj,g
t (zt)lik,g

t (zt−1) (D.11)

lnj
t+1(z

t) = ∑
g∈{A,B}

lnj,g
t+1(z

t) (D.12)

We now define the stochastic sequential equilibrium in this environment.

Definition 2. A stochastic sequential equilibrium with heterogeneous beliefs is a set of state-contingent

prices
{

wnj
t (zt), Pnj

t (zt)
}N,J,T

n=1,j=1,t=1
, location values

{
vnj,g

t (zt)
}N,J,T

n=1,j=1,t=1,gϵ{A,B}
, and allocations of goods

and labor
{

λ
nj,ij
t (zt), µ

nj,ik,g
t (zt), lnj,g

t (zt−1)
}N,N,J,J,T

n=1,i=1,j=1,k=1,t=1,gϵ{A,B}
such that wt(zt), Pt(zt), λt, Xt(zt) solve

the trade equilibrium given by the bilateral trade shares (D.4), the local prices ((D.5) and(D.6)), the total ex-
penditures (D.7), and the labor market clearing condition (D.8), and vnj,g

t (zt), µ
nj,ik,g
t (zt), lg

t (z
t−1) solve the

dynamic migration decisions given by value function (D.9) for each group g, the gross flows equation (D.10),
the law of motion of labor (D.11 and D.12), and are consistent with beliefs f g(zt+1|zt).

D.3 First-Order Approximations of the Multi-Sector Model

In this subsection, we summarize the first-order approximation of the key equations (D.1)-(D.8) for
the multi-sector model. Additional algebra are delegated to Section D.6.1. Throughout, variables with
bar are level variables.
The first-order approximation of equations (D.1)-(D.8) is given by:

v̂nj
t =

∂U(w̄nj
t , P̄n

t )

∂ ln(w̄nj
t )

ŵnj
t +

∂U(w̄nj
t , P̄n

t )

∂ ln(P̄n
t )

P̂n
t + β

N

∑
i=1

J

∑
k=1

µ̄
nj,ik
t Etv̂ik

t+1 (D.13)

µ̂
nj,ik
t =

β

ν
v̂ik

t+1 −
β

v

N

∑
m=1

J

∑
h=1

µ̄
nj,mh
t Etv̂mh

t+1 (D.14)

l̂nj
t+1 =

N

∑
i=1

J

∑
k=1

µ̄
ik,nj
t l̄ik

t

l̄nj
t+1

(
µ̂

ik,nj
t + l̂ik

t

)
(D.15)

λ̂
nj,ij
t = −θ j

(
γijŵij

t +
(

1 − γij
)

P̂ij
t − P̂nj

t + κ̂
nj,ij
t

)
+ ẑij

t (D.16)

P̂nj
t =

N

∑
i=1

λ̄
nj,ij
t

(
γijŵij

t +
(

1 − γij
)

P̂ij
t + κ̂

nj,ij
t − 1

θ j ẑij
t

)
(D.17)

P̂n
t =

J

∑
j=1

αnjP̂nj
t (D.18)

X̂ij
t = (1 − γij)

N

∑
n

ϱ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ αij ∑

k
ζ̄

ik,ij
t

(
ŵik

t + l̂ik
t

)
(D.19)

ŵij
t + l̂ij

t = γij
N

∑
n

χ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
. (D.20)
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And for t′ > t, (D.21)

Etv̂
nj
t′ =

∂U(w̄nj
t′ , P̄n

t′ )

∂ ln(w̄nj
t′ )

Etŵ
nj
t′ +

∂U(w̄nj
t′ , P̄n

t′ )

∂ ln(P̄n
t′ )

EtP̂n
n +

N

∑
i=1

J

∑
k=1

µ̄
nj,ik
t βEtv̂ik

t′+1 (D.22)

Etµ̂
nj,ik
t′ =

β

ν
Etv̂ik

t′+1 −
β

v

N

∑
m=1

J

∑
h=1

µ̄
nj,mh
t Etv̂mh

t′+1 (D.23)

Et l̂
nj
t′+1 =

N

∑
i=1

J

∑
k=1

µ̄
ik,nj
t′ l̄ik

t′

l̄nj
t′+1

(
Etµ̂

ik,nj
t′ + Et l̂ik

t′

)
(D.24)

Etλ̂
nj,ij
t′ = −θ j

(
γijEtŵ

ij
t′ +

(
1 − γij

)
EtP̂

ij
t′ − EtP̂

nj
t′ + Etκ̂

nj,ij
t′

)
+ Et ẑ

ij
t′ (D.25)

EtP̂
nj
t′ =

N

∑
i=1

λ̄
nj,ij
t′

(
γijEtŵ

ij
t′ +

(
1 − γij

)
EtP̂

ij
t′ + Etκ̂

nj,ij
t′ − 1

θ j Et ẑ
ij
t′

)
(D.26)

EtP̂n
t′ =

J

∑
j=1

αnjEtP̂
nj
t′ (D.27)

EtX̂
ij
t′ = (1 − γij)

N

∑
n

ϱ̄
nj,ij
t′

(
Etλ̂

nj,ij
t′ + EtX̂

nj
t′

)
+ αij ∑

k
ζ̄

ik,ij
t′

(
Etŵik

t′ + Et l̂ik
t′

)
(D.28)

Etŵ
ij
t′ + Et l̂

ij
t′ = γij

N

∑
n

χ̄
nj,ij
t′

(
Etλ̂

nj,ij
t′ + EtX̂

nj
t′

)
. (D.29)

Approximation Points (level values):

ψ̄
ik,nj
t+1 =

µ̄
ik,nj
t l̄ik

t

l̄nj
t+1

(D.30)

ϱ̄
nj,ij
t =

λ̄
nj,ij
t X̄nj

t

X̄ij
t

(D.31)

ζ̄
ik,ij
t =

w̄ik
t l̄ik

t

X̄ij
t

(D.32)

χ̄
nj,ij
t =

λ̄
nj,ij
t X̄nj

t

w̄ij
t l̄ij

t

, (D.33)

where λ̄
nj,ij
t is defined in (D.4) and µ̄

ik,nj
t is defined in (D.2)

D.4 Second-Order Approximations of the Multi-Sector Model

In this subsection, we summarize the second-order approximation of the key equations (D.1)-(D.8)
for the multi-sector model. Additional algebra are delegated to Section D.6.2. Throughout, variables
with bar are level variables. To shorten notations, for approximating migration and labor market
flow equations in the system of equations (D.34), we combine the region and sector notations, using
superscripts {n, i, m, o}N×J

1 to refer to pair of region-sector.
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Etv̂n
t+1 =

∂U(w̄n
t+1, P̄n

t+1)

∂ ln(w̄n
t+1)

Etŵn
t+1 +

∂U(w̄n
t+1, P̄n

t+1)

∂ ln(P̄n
t+1)

EtP̂n
t+1

+
1
2

∂2U(w̄n
t+1, P̄n

t+1)

∂ ln(w̄n
t+1)

2 Et(ŵn
t+1)

2 +
1
2

∂2U(w̄n
t+1, P̄n

t+1)

ln(∂P̄n
t+1)

2 Et(P̂n
t+1)

2 +
∂2U(w̄n

t+1, P̄n
t+1)

∂ ln(w̄n
t+1)∂ ln(P̄n

t+1)
Etŵn

t+1P̂n
t+1

+
N×J

∑
o

βµ̄no
t+1Etv̂o

t+2 +
1
2

N×J

∑
m

N×J

∑
o

β2

ν
µ̄nm

t+1

(
1(o = m)− µ̄no

t+1

)
Etv̂m

t+2v̂o
t+2

Etµ̂
ni
t =

N×J

∑
o

β

ν

(
1(o = i)− µ̄no

t

)
Etv̂o

t+1

+
1
2

N×J

∑
o,m

(
β

ν
)2
[
1(o = i)µ̄ni

t (1(m = i)− µ̄nm
t )− µ̄no

t µ̄ni
t [1(m = i)− 2µ̄nm

t + 1(m = o)]
]
Etv̂o

t+1v̂m
t+1

Et l̂n
t+1 =

N×J

∑
o=1

N×J

∑
i=1

β

ν
ψ̄in

t+1

(
1(o = n)− µ̄io

t

)
Etv̂o

t+1 +
N×J

∑
o=1

ψ̄on
t+1Et l̂o

t

+
1
2

N×J

∑
o,m

(
β

ν
)2
[
−

N

∑
i=1

µ̄io
t ψ̄in

t+1[1(m = n) + 1(m = o)− 2µ̄im
t ] + 1(o = n)∑

i
ψ̄in

t+1(1(m = n)− µ̄im
t )

−
[ N×J

∑
i=1

ψ̄in
t+1

(
1(o = n)− µ̄io

t
)][ N×J

∑
i

ψ̄in
t+1

(
1(m = n)− µ̄im

t
)]]

Etv̂o
t+1v̂m

t+1

+
1
2

N×J

∑
o,m

[1(o = m)ψ̄mn
t+1 − ψ̄on

t+1ψ̄mn
t+1]Et l̂o

t l̂m
t

+
N×J

∑
o,m

[
β

ν
ψ̄mn

t+1
(
1(o = n)− µ̄mo

t
)
− β

ν
ψ̄mn

t+1
[ N×J

∑
i

ψ̄in
t+1

(
1(o = n)− µ̄iot

)]]
Etv̂o

t+1 l̂m
t , (D.34)
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Trade equilibrium conditions:

Etπ̂
nj,ij
t = −θ j

(
γijEtŵ

ij
t +

(
1 − γij

)
EtP̂

ij
t − EtP̂

nj
t + Etκ̂

nj,ij
t

)
+ Et ẑ

ij
t ,

EtP̂
nj
t =

N

∑
k=1

π̄
nj,kj
t

(
γkjEtŵ

kj
t +

(
1 − γkj

)
EtP̂

kj
t + Etκ̂

nj,kj
t − 1

θ j Et ẑ
kj
t

)
+

1
2

N

∑
k,m

(−θ j)λ̄
nj,mj
t

(
1(m = k)(γkj)2 − γkjγmjλ̄

nj,kj
t

)
Etŵ

kj
t ŵmj

t

+
1
2

N

∑
k,m

(−θ j)λ̄
nj,mj
t

(
1(m = k)(1 − γkj)2 − (1 − γkj)(1 − γmj)λ̄

nj,kj
t

)
EtP̂

kj
t P̂mj

t

+
1
2

N

∑
k,m

λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
Et

(
(−θ j)κ̂

nj,kj
t κ̂

nj,mj
t +

(
− 1

θ j

)
Et ẑ

kj
t ẑmj

t + 2Etκ̂
nj,kj
t ẑmj

t

)
+

N

∑
k,m

(−θ j)γkj(1 − γmj)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
Etŵ

kj
t P̂mj

t

+
N

∑
k,m

(1 − γkj)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)(
EtP̂

kj
t ẑmj

t + (−θ j)EtP̂
kj
t κ̂

nj,mj
t

)
+

N

∑
k,m

γkjλ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)(
(−θ j)Etŵ

kj
t κ̂

nj,mj
t + Etŵ

kj
t ẑmj

t

)
,

EtP̂n
t =

J

∑
j=1

αnjEtP̂
nj
t ,

EtX̂
ij
t = (1 − γij)

N

∑
n

ϱ̄
nj,ij
t

(
Etλ̂

nj,ij
t + EtX̂

nj
t

)
+ αij ∑

k
ζ̄

ik,ij
t

(
Etŵik

t + Et l̂ik
t

)
+

1
2

N

∑
n,m

(1 − γij)ϱ̄
mj,ij
t

(
1(m = n)− (1 − γij)ϱ̄

nj,ij
t

)(
Etλ̂

nj,ij
t λ̂

mj,ij
t + EtX̂

nj
t X̂mj

t + 2Etλ̂
nj,ij
t X̂mj

t

)
+

1
2

J

∑
k,s

αij ζ̄
ik,ij
t

(
1(k = s)− αij ζ̄

is,ij
t

)(
Etŵik

t ŵis
t + Et l̂ik

t l̂is
t + 2Etŵik

t l̂is
t

)
+

N

∑
n

J

∑
s

(
− (1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t

)(
Etλ̂

nj,ij
t ŵij

t + Etλ̂
nj
t l̂is

t + EtX̂
nj
t ŵij

t + EtX̂
nj
t l̂is

t

)
, and

Etŵ
ij
t = γij

N

∑
n=1

χ̄
nj,ij
t

(
Etλ̂

nj,ij
t + EtX̂

nj
t

)
− Et l̂

ij
t

+
1
2

N

∑
n,m

γijχ̄
nj,ij
t

(
1(m = n)− γijχ̄

mj,ij
t

)(
Etλ̂

nj,ij
t λ̂

mj,ij
t + EtX̂

nj
t X̂mj

t + 2Etλ̂
nj,ij
t X̂mj

t

)
. (D.35)

D.5 Solution Algorithms

D.5.1 Solving for Future Outcomes according to Belief in t

Let the history until t be denoted by zt. The following algorithm solves the decision of agents in
period t, µ̂

nj,ik
t , and agents expectation about future outcomes, e.g., Etµ

nk,ij
t′ .

i. Initiate the algorithm by guessing a sequence of expected value of locations {Etv̂
nj(0)
t′ }T

t′=t+1. The
‘0’ indicates the values will be iteratively updated.

ii. Use {v̂nj(0)
t′ }T

t′=t+1 to solve for the current period migration decision, µ̂
nj,ik
t , and expected future

11



migration decisions {Etµ̂
nj,ik
t′ }T

t′=t+1 using equation (D.23):

µ̂
nj,ik
t (zt) =

β

v
Etv̂ik

t+1 −
β

v

N

∑
m=1

J

∑
h=1

µ̄
nj,mh
t Etv̂

mh(0)
t+1

Etµ̂
nj,ik
t′ =

β

v
Etv̂ik

t′+1 −
β

v

N

∑
m=1

J

∑
h=1

µ̄
nj,mh
t′ Etv̂

mh(0)
t′+1 .

iii. Use the path for µ̂t(zt) and {Etµ̂t′}T
t′=t+1 and l̂nj

t = 0 to get the next period labor, l̂nj
t+1, and the

consecutive expected future labor path {Et l̂
nj
t′ }T

t′=t+1 using equation (D.24):

l̂nj
t+1(z

t) =
N

∑
i=1

J

∑
k=1

ψ̄
ik,nj
t+1

(
µ̂

ik,nj
t (zt) + l̂ik

t (z
t−1)

)
Et l̂

nj
t′+1 =

N

∑
i=1

J

∑
k=1

ψ̄
ik,nj
t′+1

(
Etµ̂

ik,nj
t′ + Et l̂ik

t′

)
.

iv. Solve for the temporary equilibrium:

1. Given l̂nj
t , {Et l̂

nj
t′+1}T

t′=t, ẑt, and {Et ẑt′}T
t′=t, solve for the current nominal wage, ŵt, and the

expected future nominal wage ,{Etŵt′}T
t′=t, using the matrix inversion derived in Section

D.6.3 of this appendix for the static trade equilibrium in each period t′ = t, t + 1, ..., T:

ŵt′ = [I − M̃t′ − T̃t′ ]
−1

(
(T̃t′ − I)l̂t′ + Q̃t′ ẑt′ + F̃t′ K̂t′

)
, (D.36)

in which ŵt′ is a vector obtained from stacking the change in wage across locations and
sectors; and other variables in these equations are matrices defined in Section D.6.3.

2. Recover λ̂t′ , P̂nj
t′ , P̂n

t′ , X̂t′ using equations (D.25), (D.26), (D.27), (D.28), respectively.

v. Use T period real wage to compute the expected value of location-sector nj at time T, v̂nj
T , which

is given by the flow utility:

Etv̂
nj(1)
T =

∂U(w̄nj
T , P̄n

T)

∂ ln(w̄nj
T )

Etŵ
nj
T +

∂U(w̄nj
T , P̄n

T)

∂ ln(P̄n
T)

EtP̂n
T

vi. For each period, starting from v̂nj(1)
T , solve backward for {Etv̂

nj(1)
t′ }T−1

t′=t+1 using

Etv̂
nj(1)
t′ =

∂U(w̄nj
t′ , P̄n

t′ )

∂ ln(w̄nj
t′ )

Etŵ
nj
t′ +

∂U(w̄nj
t′ , P̄n

t′ )

∂ ln(P̄n
t′ )

EtP̂n
t′ +

N

∑
i=1

J

∑
k=1

µ̄
nj,ik
t′ βEtv̂

ik(1)
t′+1

vii. This delivers an updated path for {Etv̂
nj(1)
t′ }T

t′=t+1.

viii. Check if {Etv̂
nj(1)
t′ }T

t′=t+1 ≈ {Etv̂
nj(0)
t′ }T

t′=t+1.

ix. If not, take the path for {Etv̂
nj(1)
t′ }T

t′=t+1 as the new set of initial conditions in step 1 and iterate
until step 8 holds.
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D.5.2 Solving for the Allocation Sequence for a Given Realization of the Path of Fundamentals

i. Start from period t = t0.

ii. Solve for the first-order approximation for each t′ ≥ t under the belief {Etzt′}T
t′=t using the

algorithm explained in Section D.5.1. Note that at the initial period, t0 = 1, l̂nj
1 = 0.

iii. Save the ‘realized’ outcomes; current period‘s nominal wage (ŵt), price (p̂t), ideal price index
(P̂t), trade share (π̂t), migration share (µ̂t), and the next period’s labor allocation (l̂t+1).

iv. The economy moves to the next period t = t0 + 1. Repeat the above process for t0 + 1 period.
Use l̂t0+1 obtained at t0 as an initial value of labor allocation.

v. Repeat this until t = T.

D.6 Additional Derivations

This subsection provides additional algebra for the results in Section D.3 and D.4 of this appendix. We
also derive closed-form expressions for first- and second-order counterfactual static trade equilibria,
which enables us to solve each static trade equilibrium via a single matrix inversion. We illustrate
the approximation to expected values using the case when the variable and the expectation operator
are from the same period (e.g., Etλ̂

nj,ij
t ), in which case the expectation is redundant, but the same

approximation holds for expectation of future values (e.g., Etλ̂
nj,ij
t′ , t′ > t).

D.6.1 First-Order Derivatives

First-order approximation to trade share

Let ln λ
nj,ij
t = ln

[(
(wij

t )
γij

(Pij
t )

1−γij
κ

nj,ij
t

Pnj
t

)−θ j

zij
t

]
≡ K(wij

t , Pij
t , κ

nj,ij
t , Pnj

t , zij
t ). Then we approximate Etλ̂nit

using

Etλ̂
nj,ij
t =

( ∂K

∂ ln(w̄ij
t )

Etŵ
ij
t +

∂K

∂ ln(P̄ij
t )

EtP̂
ij
t +

∂K

∂ ln(κ̄ij,nj
t )

Etκ̂
ijnj
t +

∂K

∂ ln(P̄nj
t )

EtP̂
nj
t +

∂K

∂ ln(z̄ij
t )

ẑij
t

)
= −θ j

(
γijEtŵ

ij
t +

(
1 − γij

)
EtP̂

ij
t − EtP̂

nj
t + Etκ̂

nj,ij
t

)
+ Et ẑ

ij
t . (D.37)

First-order approximation to sectoral price index

Let ln Pnj
t = ln

[
∑N

i=1

(
(wij

t )
γij
(Pij

t )
1−γij

κ
nj,ij
t

)−θ j

zij
t

]−1/θ j

≡ L(wj
t, Pj

t , κ
nj
t , zj

t) where κ
nj
t = [κ

nj,1j
t , ..., κ

nj,Nj
t ]′.

Then, a first-order approximation of EtP̂
nj
t is:

EtP̂
nj
t ≈

N

∑
i=1

( ∂L

∂ ln(w̄ij
t )

Etŵ
ij
t +

∂L

∂ ln(P̄ij
t )

EtP̂
ij
t +

∂L

∂ ln(κ̄nj,ij
t )

Etκ̂
nj,ij
t +

∂L

∂ ln(z̄ij
t )

Et ẑ
ij
t

)
=

N

∑
i=1

π̄
nj,ij
t

(
γijEtŵ

ij
t +

(
1 − γij

)
EtP̂

ij
t + Etκ̂

nj,ij
t − 1

θ j Et ẑ
ij
t

)
. (D.38)

First-order approximation to ideal price index
Let ln Pn

t = ln
[

∏J
k=1(Pnk

t /αnk)αnk
]
≡ Q(Pn

t ) where Pn
t = [Pn1

t , ..., PnJ
t ]′. Then, a first-order approxi-
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mation of EtP̂n
t is:

EtP̂n
t ≈

J

∏
j=1

( ∂Q

∂ ln(P̄nj
t )

EtP̂
nj
t

)
=

J

∑
j=1

αnjEtP̂
nj
t . (D.39)

First-order approximation to expenditure
Let ln

(
Xij

t

)
= ln

(
(1−γij)∑N

n=1 λ
nj,ij
t Xnj

t + αij ∑k wik
t lik

t

)
≡ O(λ

j,ij
t , X j

t, wi
t, li

t) where λ
j,ij
t = [λ

1j,ij
t , ..., λ

nj,ij
t ]′,

X j
t = [X1j

t , ..., XNj
t ], wi

t = [wi1
t , ..., wi J

t ], and li
t = [li1

t , ..., li J
t ]. Then, a first-order approximation of EtX̂

ij
t is:

EtX̂
ij
t ≈

N

∑
n=1

( ∂O

∂ ln(λ̄nj,ij
t )

Etλ̂
nj,ij
t +

∂O

∂ ln(X̄nj
t )

EtX̂
nj
t

)
+

J

∑
k=1

( ∂L
∂ ln(w̄ik

t )
Etŵik

t +
∂O

∂ ln(l̄ik
t )

Et l̂ik
t

)
= (1 − γij)

N

∑
n

ϱ̄
nj,ij
t

(
Etλ̂

nj,ij
t + EtX̂

nj
t

)
+ αij ∑

k
ζ̄

ik,ij
t

(
Etŵik

t + Et l̂ik
t

)
. (D.40)

First-order approximation to labor market clearing
Let ln

(
wij

t lij
t

)
= ln

(
γij ∑N

n=1 λ
nj,ij
t Xnj

t

)
≡ R(λj,ij

t , X j
t). Then, a first-order approximation of Etŵit is:

Etŵ
ij
t + Et l̂

ij
t ≈

N

∑
n=1

( ∂R

∂ ln(λ̄nj,ij
t )

Etλ̂
nj,ij
t +

∂R

∂ ln(X̄nj
t )

EtX̂
nj
t

)
= γij

N

∑
n=1

χ̄
nj,ij
t

(
Etλ̂

nj,ij
t + EtX̂

nj
t

)
. (D.41)

D.6.2 Second-Order Derivatives

Second-order approximation to trade share
First order approximation for trade share λ is exact. Therefore, a second-order approximation of
Etλ̂nit is:

Etλ̂
nj,ij
t =

( ∂K

∂ ln(w̄ij
t )

Etŵ
ij
t +

∂K

∂ ln(P̄ij
t )

EtP̂
ij
t +

∂K

∂ ln(κ̄ij,nj
t )

Etκ̂
ijnj
t +

∂K

∂ ln(P̄nj
t )

EtP̂
nj
t +

∂K

∂ ln(z̄ij
t )

Et ẑ
ij
t

)
= −θ j

(
γijEtŵ

ij
t +

(
1 − γij

)
EtP̂

ij
t − EtP̂

nj
t + Etκ̂

nj,ij
t

)
+ Et ẑ

ij
t . (D.42)

Second-order approximation to sectoral price index

Let ln Pnj
t = ln

[
∑N

i=1

(
(wij

t )
γij
(Pij

t )
1−γij

κ
nj,ij
t

)−θ j

zij
t

]−1/θ j

≡ L(wj
t, Pj

t , κ
nj
t , zj

t). Then, a second-order ap-

proximation of EtP̂
nj
t is:
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EtP̂
nj
t ≈

N

∑
i=1

∂L

∂ ln(w̄ij
t )

Etŵ
ij
t +

N

∑
i=1

∂L

∂ ln(P̄ij
t )

EtP̂
ij
t +

N

∑
i=1

∂L

∂ ln(κ̄nj,ij
t )

Etκ̂
nj,ij
t +

N

∑
i=1

∂L

∂ ln(z̄ij
t )

Et ẑ
ij
t

+
1
2

N

∑
i,m

∂2L

∂ ln(w̄ij
t )∂ ln(w̄mj

t )
Etŵ

ij
t ŵmj

t +
1
2

N

∑
i,m

∂2L

∂ ln(P̄ij
t )∂ ln(P̄mj

t )
EtP̂

ij
t P̂mj

t

+
1
2

N

∑
i,m

∂2L

∂ ln(κ̄nj,ij
t )∂ ln(κ̄nj,mj

t )
Etκ̂

nj,ij
t κ̂

nj,mj
t +

1
2

N

∑
i,m

∂2L

∂ ln(z̄ij
t )∂ ln(z̄mj

t )
Et ẑ

ij
t ẑmj

t

+
N

∑
i,m

∂2L

∂ ln(w̄ij
t )∂ ln(P̄mj

t )
Etŵ

ij
t P̂mj

t +
N

∑
i,m

∂2L

∂ ln(P̄ij
t )∂ ln(z̄mj

t )
EtP̂

ij
t ẑmj

t +
N

∑
i,m

∂2L

∂ ln(P̄ij
t )∂ ln(κ̄nj,mj

t )
EtP̂

ij
t κ̂

nj,mj
t

+
N

∑
i,m

∂2L

∂ ln(w̄ij
t )∂ ln(κ̄nj,mj

t )
Etŵ

ij
t κ̂

nj,mj
t +

N

∑
i,m

∂2L

∂ ln(w̄ij
t )∂ ln(z̄mj

t )
Etŵ

ij
t ẑmj

t +
N

∑
i,m

∂2L

∂ ln(κ̄nj,ij
t )∂ ln(z̄mj

t )
Etκ̂

nj,ij
t ẑmj

t ,

(D.43)
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where

∂L

∂ ln(w̄kj
t )

= γkjλ̄
nj,kj
t ,

∂L

∂ ln(P̄kj
t )

= (1 − γkj)λ̄
nj,kj
t ,

∂L

∂ ln(κ̄nj,ij
t )

= λ̄
nj,ij
t ,

∂L

∂ ln(z̄kj
t )

= − 1
θ j λ̄

nj,kj
t ,

∂2L

∂ ln(w̄kj
t )∂ ln(w̄mj

t )
= 1(m = k)(γkj)2(−θ j)λ̄

nj,kj
t − γkjγmj(−θ j)λ̄

nj,kj
t λ̄

nj,mj
t

= (−θ j)λ̄
nj,mj
t

(
1(m = k)(γkj)2 − γkjγmjλ̄

nj,kj
t

)
,

∂2L

∂ ln(P̄kj
t )∂ ln(P̄mj

t )
= 1(m = k)(1 − γkj)2(−θ j)λ̄

nj,mj
t − (1 − γkj)(1 − γmj)(−θ j)λ̄

nj,kj
t λ̄

nj,mj
t

= (−θ j)λ̄
nj,mj
t

(
1(m = k)(1 − γkj)2 − (1 − γkj)(1 − γmj)λ̄

nj,kj
t

)
,

∂2L

∂ ln(κ̄nj,kj
t )∂ ln(κ̄nj,mj

t )
= 1(m = k)(−θ j)λ̄

nj,mj
t − (−θ j)λ̄

nj,kj
t λ̄

nj,mj
t

= (−θ j)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
∂2L

∂ ln(z̄kj
t )∂ ln(z̄mj

t )
= − 1

θ j 1(m = k)λ̄nj,mj
t −

(
− 1

θ j

)
λ̄

nj,kj
t λ̄

nj,mj
t

= − 1
θ j λ̄

nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
,

∂2L

∂ ln(w̄kj
t )∂ ln(P̄mj

t )
= 1(m = k)γkj(1 − γmj)(−θ j)λ̄

nj,mj
t − γkj(1 − γmj)(−θ j)λ̄

nj,kj
t λ̄

nj,mj
t

= (−θ j)γkj(1 − γmj)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
,

∂2L

∂ ln(P̄kj
t )∂ ln(z̄mj

t )
= (1 − γkj)1(m = k)λ̄nj,mj

t − (1 − γkj)λ̄
nj,kj
t λ̄

nj,mj
t

= (1 − γkj)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
,

∂2L

∂ ln(P̄kj
t )∂ ln(κ̄nj,mj

t )
= (1 − γkj)(−θ j)1(m = k)λ̄nj,mj

t − (1 − γkj)(−θ j)λ̄
nj,kj
t λ̄

nj,mj
t

= (−θ j)(1 − γkj)λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
,

∂2L

∂ ln(w̄kj
t )∂ ln(κ̄nj,mj

t )
= γkj(−θ j)1(m = k)λ̄nj,mj

t − γkj(−θ j)λ̄
nj,kj
t λ̄

nj,mj
t

= (−θ j)γkjλ̄
nj,mj
t

(
1(m = k)− (−θ j)λ̄

nj,kj
t

)
,

∂2L

∂ ln(w̄kj
t )∂ ln(z̄mj

t )
= γkj1(m = k)λ̄nj,mj

t − γkjλ̄
nj,kj
t λ̄

nj,mj
t

= γkjλ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
, and

∂2L

∂ ln(κ̄nj,kj
t )∂ ln(z̄mj

t )
= 1(m = k)λ̄nj,mj

t − λ̄
nj,kj
t λ̄

nj,mj
t

= λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)
.

Second-order approximation to ideal price index
First order approximation for ideal price index is exact. Therefore, a second-order approximation of
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EtP̂n
t is:

EtP̂n
t ≈

J

∏
j=1

( ∂L

∂ ln(P̄nj
t )

EtP̂
nj
t

)
=

J

∑
j=1

αnjEtP̂
nj
t . (D.44)

Second-order approximation to current account
Let ln

(
Xij

t

)
= ln

(
(1 − γij)∑N

n=1 λ
nj,ij
t Xnj

t + αij ∑k wik
t (z

t)lik
t

)
≡ O(λ

j,ij
t , Xj

t, wi
t, li

t). Then, a second-

order approximation of EtX̂
ij
t is:

EtX̂
ij
t ≈

N

∑
n=1

( ∂O

∂ ln(λ̄nj,ij
t )

Etλ̂
nj,ij
t +

∂O

∂ ln(X̄nj
t )

EtX̂
nj
t

)
+

J

∑
k=1

( ∂L
∂ ln(w̄ik

t )
Etŵik

t +
∂O

∂ ln(l̄ik
t )

Et l̂ik
t

)
+

1
2

N

∑
n,m

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(λ̄mj,ij

t )
Etλ̂

nj,ij
t λ̂

mj,ij
t +

1
2

N

∑
n,m

∂2O

∂ ln(X̄nj
t )∂ ln(X̄mj

t )
EtX̂

nj
t X̂mj

t

+
J

∑
k,s

1
2

∂2O
∂ ln(w̄ik

t )∂ ln(w̄is
t )

Etŵik
t ŵis

t +
J

∑
k,s

1
2

∂2O
∂ ln(l̄ik

t )∂ ln(l̄is
t )

Et l̂ik
t l̂is

t

+
N

∑
n,m

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(X̄mj

t )
Etλ̂

nj,ij
t X̂mj

t +
J

∑
k,s

∂2O
∂ ln(w̄ik

t )∂ ln(l̄is
t )

Etŵik
t l̂is

t

+
N

∑
n

J

∑
s

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(w̄is

t )
Etλ̂

nj,ij
t ŵij

t +
N

∑
n

J

∑
s

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(l̄is

t )
Etλ̂

nj
t l̂is

t

+
N

∑
n

J

∑
s

∂2O

∂ ln(X̄nj
t )∂ ln(w̄is

t )
EtX̂

nj
t ŵij

t +
N

∑
n

J

∑
s

∂2O

∂ ln(X̄nj
t )∂ ln(l̄is

t )
EtX̂

nj
t l̂is

t , (D.45)

where

∂O

∂ ln(λ̄nj,ij
t )

=
∂O

∂ ln(X̄nj
t )

= (1 − γij)ϱ̄
nj,ij
t ,

∂O
∂ ln(w̄ik

t )
=

∂O
∂ ln(l̄ik

t )
= αij ζ̄

ik,ij
t ,
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∂2O

∂ ln(X̄nj
t )∂ ln(X̄mj

t )
= (1 − γij)ϱ̄

mj,ij
t

(
1(m = n)− (1 − γij)ϱ̄

nj,ij
t

)
,

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(λ̄mj,ij

t )
= (1 − γij)ϱ̄

mj,ij
t

(
1(m = n)− (1 − γij)ϱ̄

nj,ij
t

)
,

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(X̄mj

t )
= (1 − γij)ϱ̄

mj,ij
t

(
1(m = n)− (1 − γij)ϱ̄

nj,ij
t

)
,

∂2O
∂ ln(w̄ik

t )∂ ln(w̄is
t )

= αij ζ̄
ik,ij
t

(
1(k = s)− αij ζ̄

is,ij
t

)
,

∂2O
∂ ln(l̄ik

t )∂ ln(l̄is
t )

= αij ζ̄
ik,ij
t

(
1(k = s)− αij ζ̄

is,ij
t

)
,

∂O
∂ ln(w̄ik

t )∂ ln(l̄is
t )

= αij ζ̄
ik,ij
t

(
1(k = s)− αij ζ̄

is,ij
t

)
,

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(w̄is

t )
= −(1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t ,

∂2O

∂ ln(λ̄nj,ij
t )∂ ln(l̄is

t )
= −(1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t ,

∂2O

∂ ln(X̄nj
t )∂ ln(w̄is

t )
= −(1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t , and

∂2O

∂ ln(X̄nj
t )∂ ln(l̄is

t )
= −(1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t . (D.46)

Second-order approximation to labor market clearing

Let ln
(

wij
t

)
= ln

(
γij ∑N

n=1
λ

nj,ij
t Xnj

t

lij
t

)
≡ R(λj,ij

t , X j
t, lij

t ). Then, a second-order approximation of Etŵit is:

Etŵ
ij
t ≈

N

∑
n=1

( ∂R

∂ ln(λ̄nj,ij
t )

Etλ̂
nj,ij
t +

∂R

∂ ln(X̄nj
t )

EtX̂
nj
t

)
+

∂R

∂ ln(l̄ij
t )

Et l̂
ij
t

+
1
2

N

∑
n,m

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(λ̄mj,ij

t )
Etλ̂

nj,ij
t λ̂

mj,ij
t +

1
2

N

∑
n,m

∂2R

∂ ln(X̄nj
t )∂ ln(X̄mj

t )
EtX̂

nj
t X̂mj

t

+
1
2

N

∑
n,m

∂2R

∂ ln(l̄nj
t )∂ ln(l̄mj

t )
Et l̂

nj
t l̂mj

t

+
N

∑
n,m

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(X̄mj

t )
Etλ̂

nj,ij
t X̂mj

t +
N

∑
n,m

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(l̄mj

t )
Etλ̂

nj
t l̂mj

t

+
N

∑
n,m

∂2R

∂ ln(X̄nj
t )∂ ln(l̄mj

t )
EtX̂

nj
t l̂mj

t ,
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where

∂R

∂ ln(λ̄nj,ij
t )

=
∂R

∂ ln(X̄nj
t )

= γijχ̄
nj,ij
t ,

∂R

∂ ln(l̄ij
t )

= −1,

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(λ̄mj,ij

t )
= γijχ̄

nj,ij
t

(
1(m = n)− γijχ̄

mj,ij
t

)
,

∂2R

∂ ln(X̄nj
t )∂ ln(X̄mj

t )
= γijχ̄

nj,ij
t

(
1(m = n)− γijχ̄

mj,ij
t

)
,

∂2R
∂ ln(lij)∂ ln(lij)

= 0,

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(X̄mj

t )
= γijχ̄

nj,ij
t

(
1(m = n)− γijχ̄

mj,ij
t

)
,

∂2R

∂ ln(λ̄nj,ij
t )∂ ln(l̄mj

t )
= 0, and

∂2R

∂ ln(X̄nj
t )∂ ln(l̄mj

t )
= 0.

D.6.3 Closed-Form Expressions for Static Trade Equilibria, First Order

1. Invert the system of price equation (D.26) to obtain P̂nj
t as a function of ŵij

t and changes in funda-
mentals:

P̂nj
t =

N

∑
i=1

λ̄
nj,ij
t

(
γijŵij

t +
(

1 − γij
)

P̂ij
t + κ̂

nj,ij
t − 1

θ j ẑij
t

)
⇒ P̂nj

t =
N

∑
o=1

∆njoj
t

[ N

∑
i=1

λ̄
oj,ij
t

(
γijŵij

t + κ̂
oj,ij
t − 1

θ j ẑij
t

) ]
, (D.47)

where ∆t denotes an N × J by N × J matrix of the Leontief-inverse of Θt, which is itself an N × J
by N × J matrix. The (n + (j − 1)× N)-th row and (o + (j − 1)× N)-th column of Θt is defined as
Θnjoj

t ≡ λ̄
nj,oj
t (1 − γoj). The (n + (j − 1)× N)-th row and (o + (j − 1)× N)-th column of ∆t, which we

denote by ∆njoj
t is the (n + (j − 1)× N)-th row and (o + (j − 1)× N)-th column of (IN×J − Θt)−1.
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2. Rewrite λ̂
nj,ij
t defined in equation (D.25) as a function of ŵnj

t and changes in fundamentals:

λ̂
nj,ij
t = −θ j

(
γijŵij

t +
(

1 − γij
)

P̂ij
t − P̂nj

t + κ̂
nj,ij
t

)
+ ẑij

t

= −θ j
(

γijŵij
t + κ̂

nj,ij
t

)
+ ẑij

t − θ j
( (

1 − γij
)

P̂ij
t − P̂nj

t

)
plugging P̂ij

t and P̂nj
t from step 1

⇒ λ̂
nj,ij
t = −θ j

(
γijŵij

t + κ̂
nj,ij
t

)
+ ẑij

t

−θ j
(

1 − γij
) N

∑
o=1

∆ijoj
t ∑

m
λ̄

oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
+θ j

N

∑
o=1

∆njoj
t ∑

m
λ̄

oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
= −θ j

(
γijŵij

t + κ̂
nj,ij
t

)
+ ẑij

t

−θ j
N

∑
o=1

( (
1 − γij

)
∆ijoj

t − ∆njoj
t

)
∑
m

λ̄
oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
= Cij

t ŵij +
N

∑
m

Dnjim
t ŵmj

t + (ẑij
t − θ jκ̂

nj,ij
t ) + ∑

m
Enjim

t ẑmj
t − ∑

o
∑
m

Fnjimoκ̂
oj,mj
t , (D.48)

where Ct denotes an N × J by 1 vector such that the (i + (j − 1)× N)-th row of Ct is defined by Cij
t ≡

−θ jγij. Dt denotes an N × J by N × N matrix such that the (nj, im)-th entry—the (n + (j − 1)× N)-

th row and (i + (m − 1) × N)-th column—of Dt is defined by Dnjim ≡ −θ j ∑N
o=1

( (
1 − γij) ∆ijoj

t −

∆njoj
t

)
λ̄

oj,mj
t γmj. Et denotes an N × J by N × N matrix such that the (nj, im)-th entry is defined by

Enjim
t ≡ ∑N

o=1

( (
1 − γij) ∆ijoj

t − ∆njoj
t

)
λ̄

oj,mj
t , and Ft denotes an N × J by N × N × N matrix such that

its (nj, imo)-th entry—the (n+(j− 1)× N)-th row and (i+(m− 1)× N +(o− 1)× N × N)-th column

of Ft—is defined by Fnjimo
t ≡ θ j

( (
1 − γij) ∆ijoj

t − ∆njoj
t

)
λ̄

oj,mj
t .

3. Solve for X̂ij
t defined in equation (D.28) as a function of ŵnj

t , l̂ok
t , and changes in fundamentals

X̂ij
t =

(
1 − γij

) N

∑
n

ϱ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ αij

J

∑
k

ζ̄
ik,ij
t

(
ŵik

t + l̂ik
t

)
⇒ X̂ij

t =
N

∑
o

Γijoj
t

[ N

∑
l

(
1 − γoj

)
ϱ̄

l j,oj
t λ̂

l j,oj
t + αoj

J

∑
k

ζ̄
ok,oj
t

(
ŵok

t + l̂ok
t

) ]
=

N

∑
o

N

∑
l

Gijol
t λ̂

l j,oj
t +

N

∑
o

J

∑
k

Hijok
t

(
ŵok

t + l̂ok
t

)
plugging λ̂

l j,oj
t from step 2

⇒ X̂ij
t =

N

∑
o

N

∑
l

Gijol
t

(
Coj

t ŵoj +
N

∑
m

Dl jom
t ŵmj

t + (ẑoj
t − θ jκ̂

l j,oj
t ) + ∑

m
El jom

t ẑmj
t −

N

∑
h

N

∑
m

Fl jomh
t κ̂

hj,mj
t

)
+

N

∑
o

J

∑
k

Hijok
t

(
ŵok

t + l̂ok
t

)
(D.49)

where Γt denotes an N × J by N × J matrix of the Leontief-inverse of U, such that (ij, oj)-th entry of
Γt, denoted by Γijoj

t is the (ij, oj)-th entry of (I − Ut)−1, and Ut denotes an N × J by N × J matrix such
that (ij, oj)-th entry is defined by Uijoj

t ≡ (1 − γij)ϱ̄
oj,ij
t . Gt denotes an N × J by N × N matrix such
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that (ij, ol)-th entry is defined by Gijol
t ≡ Γijoj

t
(
1 − γoj) ϱ̄

l j,oj
t , and Ht denotes an N × J by N × J matrix

such that (ij, ok)-th entry is defined by Hijok
t ≡ Γijoj

t αoj ζ̄
ok,oj
t .

4. Rewrite the labor market condition defined by equation (D.29) using the above expressions:

ŵij
t + l̂ij

t = γij
N

∑
n

χ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
= γij

N

∑
n

χ̄
nj,ij
t λ̂

nj,ij
t + γij

N

∑
n

χ̄
nj,ij
t X̂nj

t

= γij
N

∑
n

χ̄
nj,ij
t

(
Cij

t ŵij +
N

∑
m

Dnjim
t ŵmj

t + (ẑij
t − θ jκ̂

nj,ij
t ) +

N

∑
m

Enjim
t ẑmj

t −
N

∑
m

N

∑
h

Fnjimh
t κ̂

hj,mj
t

)
+γij

N

∑
n

χ̄
nj,ij
t

( N

∑
o

N

∑
l

Gnjol
(

Coj
t ŵoj +

N

∑
m

Dl jom
t ŵmj

t + (ẑoj
t − θ jκ̂

l j,oj
t ) +

N

∑
m

El jom
t ẑmj

t −
N

∑
m

N

∑
h

Fl jomh
t κ̂

hj,mj
t

))
+γij

N

∑
n

χ̄
nj,ij
t

( N

∑
o

J

∑
k

Hnjok
t

(
ŵok

t + l̂ok
t

) )
= γij

N

∑
n

χ̄
nj,ij
t Cij

t︸ ︷︷ ︸
M∗

t

ŵij
t + γij

N

∑
n

χ̄
nj,ij
t ∑

m

(
Dnjim

t +
N

∑
o

N

∑
l

Gnjol
t Dl jom

t︸ ︷︷ ︸
M∗∗

t

)
ŵmj

t

+ γij
N

∑
n

χ̄
nj,ij
t

( N

∑
o

N

∑
l

GnjolCoj
t︸ ︷︷ ︸

M∗∗∗
t

ŵoj
t

)
+ γij

N

∑
n

χ̄
nj,ij
t Hnjok

t︸ ︷︷ ︸
T̃t

(
ŵok

t + l̂ok
t

)

+ γij
N

∑
n

χ̄
nj,ij
t︸ ︷︷ ︸

Q∗
t

ẑij
t + γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

Enjim
t︸ ︷︷ ︸

Q∗∗
t

ẑmj
t

+ γij
N

∑
n

χ̄
nj,ij
t

N

∑
o

N

∑
l

Gnjol
t︸ ︷︷ ︸

Q∗∗∗
t

ẑoj
t + γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

( N

∑
o

N

∑
l

Gnjol
t El jom

t

)
︸ ︷︷ ︸

Q∗∗∗∗
t

ẑmj
t

+−θ jγij
N

∑
n

χ̄
nj,ij
t︸ ︷︷ ︸

F∗
t

κ̂
nj,ij
t +−γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

N

∑
h

Fnjimh
t︸ ︷︷ ︸

F∗∗
t

κ̂
hj,mj
t

+−θ jγij
N

∑
n

χ̄
nj,ij
t

N

∑
o

N

∑
l

Gnjol
t︸ ︷︷ ︸

F∗∗∗
t

κ̂
l j,oj
t +−γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

N

∑
o

N

∑
l

Gnjol
t

N

∑
h

Fl jomh
t︸ ︷︷ ︸

F∗∗∗∗
t

κ̂
hj,mj
t (D.50)

We stack the labor market clearing condition in matrix form and invert the equation to obtain ŵt :

ŵt + l̂t = M̃tŵt + T̃t(ŵt + l̂t) + Q̃t ẑt + F̃tK̂t

⇒ ŵt = [I − M̃t − T̃t]
−1

(
(T̃t − I)l̂t + Q̃t ẑt + F̃tK̂t

)
, (D.51)

where ŵt, l̂t, and ẑt are (N × J) by (1) vectors such that their respective (ij, 1)-th entry is ŵij
t , l̂ij

t , and
ẑij

t , and K̂t is an (N × N × J) by (1) vector such that (nij, 1)-th entry of K̂t – (n + (i − 1)× N + (j −
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1)× N × N)-th row of vector K̂t – is κ̂
nj,ij
t . Other matrices are defined as

M̃t = M∗
t + M∗∗

t + M∗∗∗
t ,

Q̃t = Q∗
t + Q∗∗

t + Q∗∗∗
t + Q∗∗∗∗

t , and
F̃t = F∗

t + F∗∗
t + F∗∗∗

t + F∗∗∗∗
t , (D.52)

where F∗
t , F∗∗

t , F∗∗∗
t , F∗∗∗∗

t , and F̃t are (N × J) by (N × N × J) matrices defined below, in which the
(ijmhj) superscript refers to the (i + (j − 1)× N)-th row and (m + (h − 1)× N + (j − 1)× N × N)-th
column of each matrices; and the dimension of other matrices is (N × J) by (N × J).

Each of these matrices is stacked according to equation (D.53):

M∗ijij
t = γij

N

∑
n

χ̄
nj,ij
t Cij

t ,

M∗∗ijmj
t = γij

N

∑
n

χ̄
nj,ij
t

(
Dnjim +

N

∑
o

N

∑
l

Gnjol
t Dl jom

t

)
,

M∗∗∗ijoj
t = γij

N

∑
n

χ̄
nj,ij
t

( N

∑
l

GnjolCoj
t

)
,

T̃ijok
t = γij

N

∑
n

χ̄
nj,ij
t Hnjok

t

Q∗ijij
t = γij

N

∑
n

χ̄
nj,ij
t ,

Q∗∗ijmj
t = γij

N

∑
n

χ̄
nj,ij
t Enjim

t , (D.53)

Q∗∗∗ijoj
t = γij

N

∑
n

χ̄
nj,ij
t

N

∑
l

Gnjol
t ,

Q∗∗∗∗ijmj
t = γij

N

∑
n

χ̄
nj,ij
t

( N

∑
o

N

∑
l

Gnjol
t El jom

t

)
,

F∗ijnij
t = −θ jγijχ̄

nj,ij
t ,

F∗∗ijmhj
t = −γij

N

∑
n

χ̄
nj,ij
t Fnjimh

t ,

F∗∗∗ijol j
t = −θ jγij

N

∑
n

χ̄
nj,ij
t Gnjol

t , and

F∗∗∗∗ijmhj
t = −γij

N

∑
n

χ̄
nj,ij
t

N

∑
o

N

∑
l

Gnjol
t Fl jomh

t .

These matrices can be constructed using outcomes from any equilibrium. With these matrices at
hand, we use equation (D.51) to solve the static trade equilibrium in each period for any guess of l̂.

D.6.4 Closed-Form Expressions for Static Trade Equilibria, Second Order

The derivation of second-order closed-form expressions follows closely the one for first-order expres-
sions, with the main difference being there are second-order terms appearing in each equation, which
we denote using variables with a double tilde below. To make the comparison to first-order expres-
sion easier, we use red color for the second-order terms. The revised linear system of equations which
takes into account these terms is:
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P̂nj
t =

N

∑
i=1

λ̄
nj,ij
t

(
γijŵij

t +
(

1 − γij
)

P̂ij
t + κ̂

nj,ij
t − 1

θ j ẑij
t

)
+ ˜̃Pnj

t ,

λ̂
nj,ij
t = −θ j

(
γijŵij

t +
(

1 − γij
)

P̂ij
t − P̂nj

t + κ̂
nj,ij
t

)
+ ẑij

t ,

X̂ij
t =

(
1 − γij

) N

∑
n

ϱ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ αij

J

∑
k

ζ̄
ik,ij
t

(
ŵik

t + l̂ik
t

)
+ ˜̃Xij

t , and

ŵij
t + l̂ij

t = γij
N

∑
n

χ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ ˜̃wij

t ,

where

˜̃Pnj
t =

1
2

N

∑
k,m

(−θ j)λ̄
nj,mj
t γkj

(
1(m = k)γkj − γmjλ̄

nj,kj
t

)
ŵkj

t ŵmj
t

+
1
2

N

∑
k,m

(−θ j)λ̄
nj,mj
t (1 − γkj)

(
1(m = k)(1 − γkj)− (1 − γmj)λ̄

nj,kj
t

)
P̂kj

t P̂mj
t

+
1
2

N

∑
k,m

λ̄
nj,mj
t

(
1(m = k)− λ̄

nj,kj
t

)(
(−θ j)κ̂

nj,kj
t κ̂

nj,mj
t +

(
− 1

θ j

)
ẑkj

t ẑmj
t + 2κ̂

nj,kj
t ẑmj

t

)
+

N

∑
k,m

(−θ j)λ̄
nj,mj
t γkj(1 − γmj)

(
1(m = k)− λ̄

nj,kj
t

)
ŵkj

t P̂mj
t

+
N

∑
k,m

λ̄
nj,mj
t (1 − γkj)

(
1(m = k)− λ̄

nj,kj
t

)(
P̂kj

t ẑmj
t + (−θ j)P̂kj

t κ̂
nj,mj
t

)
+

N

∑
k,m

λ̄
nj,mj
t γkj

(
1(m = k)− λ̄

nj,kj
t

)(
(−θ j)ŵkj

t κ̂
nj,mj
t + ŵkj

t ẑmj
t

)
,

˜̃Xij
t =

1
2

N

∑
n,m

(1 − γij)ϱ̄
mjij
t

(
1(m = n)− (1 − γij)ϱ̄

njij
t

)(
λ̂

nj,ij
t λ̂

mj,ij
t + X̂nj

t X̂mj
t + 2λ̂

nj,ij
t X̂mj

t

)
+

1
2

J

∑
k,s

αij ζ̄
ik,ij
t

(
1(k = s)− αij ζ̄

is,ij
t

)(
ŵik

t ŵis
t + l̂ik

t l̂is
t + 2ŵik

t l̂is
t

)
+

N

∑
n

J

∑
s

(
− (1 − γij)αijϱ̄

njij
t ζ̄

is,ij
t

)(
λ̂

nj,ij
t ŵij

t + λ̂
nj
t l̂is

t + X̂nj
t ŵij

t + X̂nj
t l̂is

t

)
, and

˜̃wij
t =

1
2

N

∑
n,m

(
1(m = n)γijχ̄

nj,ij
t − (γij)2χ̄

mj,ij
t χ̄

nj,ij
t

)(
λ̂

nj,ij
t λ̂

mj,ij
t + X̂nj

t X̂mj
t + 2λ̂

nj,ij
t X̂mj

t

)
.

The variables with double tilde stand for the sum of all second-order terms appearing in the corre-
sponding equations, rather than the variable corresponding to the letter. For example, ˜̃Pnj

t include not
only the terms related to P̂kj

t P̂mj
t , but also other second-order terms appearing in the price equation.

1. Invert the system of price equation (D.26) to obtain P̂nj
t as a second-order function of ŵij

t and
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changes in fundamentals:

P̂nj
t =

N

∑
i=1

λ̄
nj,ij
t

(
γijŵij

t +
(

1 − γij
)

P̂ij
t + κ̂

nj,ij
t − 1

θ j ẑij
t

)
⇒ P̂nj

t =
N

∑
o=1

∆njoj
t

[ N

∑
i=1

λ̄
oj,ij
t

(
γijŵij

t + κ̂
oj,ij
t − 1

θ j ẑij
t

)
+ ˜̃Poj

t

]
=

N

∑
o=1

∆njoj
t

[ N

∑
i=1

λ̄
oj,ij
t

(
γijŵij

t + κ̂
oj,ij
t − 1

θ j ẑij
t

) ]
+ ˜̃P

nj
t , (D.54)

where ˜̃Pt is an (N × J) by (1) vector such that its (nj)-th entry—(n + (j − 1)× N)-th row—is defined

by ˜̃P
nj
t = ∑N

o=1 ∆njoj
t

˜̃Poj
t . ∆t is defined in the paragraph below equation (D.47).

2. Rewrite λ̂
nj,ij
t as a second-order function of ŵnj

t and changes in fundamentals:

λ̂
nj,ij
t = −θ j

(
γijŵij

t +
(

1 − γij
)

P̂ij
t − P̂nj

t + κ̂
nj,ij
t

)
+ ẑij

t

= −θ j
(

γijŵij
t + κ̂

nj,ij
t

)
+ ẑij

t − θ j
( (

1 − γij
)

P̂ij
t − P̂nj

t

)
plugging P̂ij

t and P̂nj
t

⇒ λ̂
nj,ij
t = −θ j

(
γijŵij

t + κ̂
nj,ij
t

)
+ ẑij

t

−θ j
(

1 − γij
) N

∑
o=1

∆ijoj
t

N

∑
m

λ̄
oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
+θ j

N

∑
o=1

∆njoj
t

N

∑
m

λ̄
oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
−θ j

(
1 − γij

)
˜̃P

ij
t + θ j ˜̃P

nj
t

= −θ j
(

γijŵij
t + κ̂

nj,ij
t

)
+ ẑij

t

−θ j
N

∑
o=1

( (
1 − γij

)
∆ijoj

t − ∆njoj
t

) N

∑
m

λ̄
oj,mj
t

(
γmjŵmj

t + κ̂
oj,mj
t − 1

θ j ẑmj
t

)
−θ j

(
1 − γij

)
˜̃P

ij
t + θ j ˜̃P

nj
t

= Cij
t ŵij +

N

∑
m

Dnjim
t ŵmj

t + (ẑij
t − θ jκ̂

nj,ij
t ) +

N

∑
m

Enjim
t ẑmj

t −
N

∑
o

N

∑
m

Fnjimo
t κ̂

oj,mj
t

−θ j
(

1 − γij
)

˜̃P
ij
t + θ j ˜̃P

nj
t , (D.55)

in which the matrices Ct, Dt, Et, Ft are defined in the paragraph below equation (D.48).
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3. Solve for X̂ij
t as a second-order function of ŵnj

t , l̂ok
t , and changes in fundamentals:

X̂ij
t =

(
1 − γij

) N

∑
n

ϱ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ αij

J

∑
k

ζ̄
ik,ij
t

(
ŵik

t + l̂ik
t

)
+ ˜̃Xij

t

⇒ X̂ij
t =

N

∑
o

Γijoj
t

[
∑

l

(
1 − γoj

)
ϱ̄

l j,oj
t λ̂

l j,oj
t + αoj

J

∑
k

ζ̄
ok,oj
t

(
ŵok

t + l̂ok
t

)
+ ˜̃Xoj

t

]
=

N

∑
o

N

∑
l

Gijol
t λ̂

l j,oj
t +

N

∑
o

J

∑
k

Hijok
t

(
ŵok

t + l̂ok
t

)
+

N

∑
o

Γijoj
t

˜̃Xoj
t

=
N

∑
o

N

∑
l

Gijol
t

(
Coj

t ŵoj +
N

∑
m

Dl jom
t ŵmj

t + (ẑoj
t − θ jκ̂

l j,oj
t )

+
N

∑
m

El jom
t ẑmj

t −
N

∑
h

N

∑
m

Fl jomh
t κ̂

hj,mj
t − θ j

(
1 − γoj

)
˜̃P

oj
t + θ j ˜̃P

l j
t

)
+

N

∑
o

J

∑
k

Hijok
t

(
ŵok

t + l̂ok
t

)
+ ˜̃X

ij
t , (D.56)

in which ˜̃Xt is an (N × J) by (1) vector such that its (ij)-th entry is defined by ˜̃X
ij
t ≡ ∑N

o Γijoj ˜̃Xoj
t .

Matrices Gt and Ht are defined in the paragraph below equation (D.49).
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4. Rewrite the labor market clearing condition using the above expressions:

ŵij
t + l̂ij

t = γij
N

∑
n

χ̄
nj,ij
t

(
λ̂

nj,ij
t + X̂nj

t

)
+ ˜̃wij

t

= γij
N

∑
n

χ̄
nj,ij
t λ̂

nj,ij
t + γij

N

∑
n

χ̄
nj,ij
t X̂nj

t + ˜̃wij
t

= γij
N

∑
n

χ̄
nj,ij
t

(
Cij

t ŵij +
N

∑
m

Dnjim
t ŵmj

t + (ẑij
t − θ jκ̂

nj,ij
t ) +

N

∑
m

Enjim
t ẑmj

t

−
N

∑
m

N

∑
h

Fnjimh
t κ̂

hj,mj
t − θ j

(
1 − γij

)
˜̃P

ij
t + θ j ˜̃P

nj
t

)
+γij

N

∑
n

χ̄
nj,ij
t

( N

∑
o

N

∑
l

Gnjol
t

(
Coj

t ŵoj +
N

∑
m

Dl jom
t ŵmj

t + (ẑoj
t − θ jκ̂

l j,oj
t )

+
N

∑
m

El jom
t ẑmj

t −
N

∑
m

N

∑
h

Fl jomh
t κ̂

hj,mj
t − θ j

(
1 − γoj

)
˜̃P

oj
t + θ j ˜̃P

l j
t

))
+γij

N

∑
n

χ̄
nj,ij
t

( N

∑
o

J

∑
k

Hnjok
t

(
ŵok

t + l̂ok
t

) )
+ γij

N

∑
n

χ̄
nj,ij
t

˜̃X
nj
t + ˜̃wij

t

= γij
N

∑
n

χ̄
nj,ij
t Cij

︸ ︷︷ ︸
M∗

t

ŵij
t + γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

(
Dnjim

t +
N

∑
o

N

∑
l

Gnjol
t Dl jom

t︸ ︷︷ ︸
M∗∗

t

)
ŵmj

t

+ γij
N

∑
n

χ̄
nj,ij
t

( N

∑
o

N

∑
l

Gnjol
t Coj

t︸ ︷︷ ︸
M∗∗∗

t

ŵoj
t

)
+ γij

N

∑
n

χ̄
nj,ij
t Hnjok

t︸ ︷︷ ︸
T̃t

(
ŵok

t + l̂ok
t

)

+ γij
N

∑
n

χ̄
nj,ij
t︸ ︷︷ ︸

Q∗
t

ẑij
t + γij

N

∑
n

χ̄
nj,ij
t

N

∑
m

Enjim
t︸ ︷︷ ︸
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We stack the labor market clearing condition in matrix form and invert the equation to obtain ŵt:

ŵt + l̂t = M̃tŵt + T̃t(ŵt + l̂t) + Q̃t ẑt + F̃tK̂t + ˜̃wt + R̃ ˜̃Pt + S̃t
˜̃Xt

⇒ ŵt = [I − M̃t − T̃t]
−1

(
(T̃t − I)l̂t + Q̃t ẑt + F̃tK̂t + ˜̃wt + R̃t

˜̃Pt + S̃t
˜̃Xt

)
, (D.58)

where ˜̃wt, ˜̃Pt, and ˜̃Xt are (N × J) by (1) vectors such that their (ij, 1)-th entry is ˜̃wij
t , ˜̃Pij

t , and ˜̃Xij
t ,

respectively.
To solve the static trade equilibrium with second-order accuracy, we use the results in Section

D.6.3 to obtain a first-order solution, with which we construct the second-order terms, represented by
red double tilde variables in equation (D.58). In particular, T̃t, M̃t, Q̃t, and F̃t are identical to the first
order case (equation (D.52)), while R̃t and S̃t contain the second-order effects, where the dimension
of R̃t and S̃t is (N × J) by (N × J). Each of these matrices is stacked according to equation (D.59):
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t . (D.59)

Again, these matrices can be constructed using outcomes from the deterministic allocation. We then
invert the rest of the equation treating the second-order terms ( ˜̃wt, ˜̃Pt, and ˜̃Xt) as constants. The
solution has second-order accuracy.
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